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ABSTRACT 


Several  optical  techniques  are  of  interest  as  possible  approaches  to  the  chemical  analysis  of  fuels  and 
lubricants.  Of  these  techniques,  measurement  of  the  phase  shift  or  time  lag  in  the  Kerr  effect  was  chosen 
for  initial  investigation.  A  breadboard  device  was  constructed  to  measure  the  phase  shift  at  frequencies 
from  200  Hz  to  100  kHz.  This  device  was  used  to  measure  the  critical  frequencies  of 
poly-y-benzyl-R-glutamate  (1500  Hz),  Acryloid  HF-866  (1900  Hz),  a  probable  impurity  in  lubricant  ester 
S-9  (1000  Hz),  and  lubricant  ester  S-7  (>5  kHz),  and  also  to  analyze  quantitatively  a  mixture  of  Acryloid 
HF-866  and  the  impure  ester  S-9.  A  spectrometer  of  simpler  construction  than  the  current  instrument  was 
designed  to  facilitate  extending  the  measurements  to  higher  frequencies  on  the  order  of  1  MHz,  so  that  a 
wider  range  of  molecular  sizes  and  structures  can  be  investigated.  Also,  the  equations  describing  the  Kerr 
response  curve  of  mixtures  were  derived.  Some  numerical  tests  of  the  simple  analysis  procedures  were 
compared  with  the  results  of  these  equations,  and  intensity  and  derivative  spectra  for  representative  mix¬ 
tures  were  obtained. 
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SECTION  I 


INTRODUCTION 


The  analysis  of  fuels  and  lubricants  entails  the  resolution  of  complex  mixtures  and  often  the  deter¬ 
mination  of  materials  present  In  trace  quantities,  A  wide  variety  of  conventional  and  Instrumental  tech¬ 
niques  have  been  brought  to  bear  on  these  problems,  and  satisfactory  methods  have  been  developed  for 
many  specific  materials,  However,  there  are  many  unsolvod  problems  in  this  general  field,  and  the  develop¬ 
ment  of  new  techniques  is  of  definite  interest. 

Among  the  optical  methods  that  have  received  scant  attention,  one  may  list  those  based  on  the 
Faraday  effect,  (lie  Kerr  effect,  and  fluorescence  or  phosphorescence  spectra. 

The  work  reported  herein  is  the  ilrst  phase  of  an  investigation  of  time  lugs  in  the  Kerr  effect  us  a 
possible  means  of  characterizing  molecular  size  and  structure. 


SECTION  II 


BASIS  OF  TIME  LAGS 


When  un  electric  field  is  applied  to  various  substances,  the  material  becomes  doubly  refracting.  That 
is.  the  index  of  refraction  for  light  polarized  parallel  to  the  field  is  different  from  that  for  perpendicularly 
polarized  light.  When  the  incident  light  is  linearly  polarized  at  45  degrees  to  the  electric  field,  the  difference 
in  indices  of  refraction  leads  to  a  phase  shift  between  the  components  of  the  incident  light  polarization 
vector  which  are  parallel  and  perpendicular  to  the  applied  electric  field.  The  net  result  is  that  light  emitted 
from  the  cell  is  now  clliptically  polarized  rather  than  linearly  polarized,  This  process  is  illustrated  in  Figure 
I .  The  magnitude  of  the  Kerr  effect  is  described  by 

A  =  jiF1  X  (1) 

where  A  is  the  optical  path  difference  between  the  parallel  and  perpendicular  components:  /,  the  Kerr 
constant,  is  defined  by  this  relation:  t  is  the  path  length  in  the  medium;/’’ is  the  electric  field  strength; and 
X  is  the  wavelength  of  the  incident  light.  Figure  2  shows  the  experimental  arrangement,  in  block  diagram 
form,  as  well  as  the  qualitative  shapes  of  :he  applied  voltage  and  observed  signal.  In  the  experiment,  the 
polarizer  and  analyzer  are  crossed  so  that  no  light  is  passed  when  the  electric  field  is  zero.  When  the  electric 
field  is  applied,  the  light  coming  from  the  Kerr  cell  becomes  elliptically  polarized  and,  hence,  some  light  is 
passed  throng!)  the  analyzer.  This  light  is  detected  and  the  resultant  voltage  is  amplified  to  give  the  observed 
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FIGURE  1.  D.  C.  KERR  EFFECT  FIGURE  2.  BLOCK  DIAGRAM  OF  APPARATUS 

signal.  An  alternating  field  applied  to  the  sample  gives  rise  to  a  repetitive  signal  which  has  a  characteristic 
shape.  This  shape  may  be  used  in  the  Ussajou  pattern  to  determine  the  phase  relationship  of  applied  voltage 
and  signal,  or  it  may  be  analyzed  in  a  phasemeter  or  lock-in  amplifier  to  give  the  phase  relationship  directly. 
The  function  of  a  phase  lock-in  amplifier  is  to  measure  a  certain  frequency  component  of  the  input  signal- 
It  performs  this  function  by  comparing  the  input  signal  with  a  reference  signal  and  amplifying  that  portion 
of  tlie  input  signal  that  is  in  phase  with  the  reference.  In  the  present  experiment,  the  reference  signal  was  at 
the  doubled  frequency  2 ui.  for  reasons  given  in  Appendix  I.  This  appendix  contains  the  mathematical 
analysis  of  the  frequency  distribution  of  the  light  intensity  signal. 

From  a  molecular  point  of  view,  the  Kerr  effect  has  several  origins.  A  molecule  with  an  electric  dipole 
moment  tends  to  align  itself  with  the  electric  field.  The  anisotropy  of  the  medium  thus  produced  causes  the 
difference  in  indices  of  refraction  and,  hence,  the  Kerr  effect.  The  fact  that  the  molecule  itself  must  he 


oriented  in  this  ease  indicates  that  finite  times  arc  involved.  That  is,  the  moment  ofinertiaand  interaction 
of  ihe  moiecuic  with  solvent  molecules  set  a  limit  on  me  time  it  takes  the  molecule  to  align  itselt  with  the 
field.  For  a  mathematical  expression  of  the  problem  and  the  relationship  of  the  response  time  of  the 
molecule  to  molecular  parameters,  see  Appendix  11.  This  behavior  manifests  itself  experimentally  as  a  phase 
shift  of  the  Kerr  signal  with  respect  to  the  applied 

voltage  as  well  as  an  amplitude  change  in  the  signal.  A  j0 _ 

qualitative  explanation  of  this  beluivior  is  as  follows. 

At  low  frequencies  of  the  applied  field,  the  molecules  j  \. 

have  ample  time  to  align  themselves  with  the  field  Wi - \ 

and,  hence,  stay  almost  in  phase  with  it.  At  high  fre-  j  N. 

qucncies,  the  molecules  no  longer  have  time  to  orient  | 

themselves  and,  hence,  no  orientation-based  Kerr  [ 

effect  is  measured.  This  behavior  Is  illustrated  in  Fig-  |#oi  i  _ _ _ 

ure  3,  showing  the  Kerr  constant  and  relative  phase  of  S' 

applied  field  and  signal  as  a  function  of  frequency  of  '  / 

the  applied  field.  < p  - V 

A  similar  orientation  behavior  can  be  obtained  / 

if  the  electronic  polarizability  is  anisotropic.  In  this  ol -  — ; — - 

case,  the  induced  electric  dipole  moment  has  a  prefer¬ 
ential  direction  in  the  molecule.  The  molecule  then  figure  3.  KERR  FREQUENCY  RESPONSE  CURVE 
tends  to  orient  itself  with  the  direction  of  maximum  (Permanent  Moment) 

polarizability  along  the  electric  field  direction.  Since 
the  same  limits  apply  to  the  actual  motion  of  the 

molecule,  there  are  no  differences  in  the  theory  for  the  rotational  diffusion  time  (half  amplitude  point  in 
Figure  3).  However,  the  amplitude  and  phase  curves  are  different  from  the  permanent  dipole  case  (see 
Appendix  11).  In  this  case,  the  Kerr  signal  goes  to  90  degrees  out  of  phase  with  respect  to  the  driving 
voltage,  as  contrasted  to  the  permanent  dipole  case  where  the  limit  is  180  degrees.  Also,  the  amplitude  goes 
to  one-half  its  d.c.  value  instead  of  zero,  as  in  the  permanent  dipole  case. 

In  order  to  measure  the  molecular  orientation  phenomena,  the  frequency  of  the  applied  electric  field 
is  varied  and  the  phase  and  amplitude  of  the  observed  signal  is  measured.  These  data  are  then  collected  in 
the  form  of  a  graph  in  which  frequency  is  the  x-axis  and  phase  or  amplitude  is  the  y-axis.  Determination  of 
the  shape  of  this  curve  then  allows  distinction  between  polar  and  nonpolar  molecules,  some  estimation  of 
degree  of  aromaticity,  and  determination  of  a  geometry  factor. 
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SECTION  ill 


EXPERIMENTAL  RESULTS  AND  INTEhPhEI At  ION 


1 .  Apparatus 


The  Kerr  cell  electrodes  were  two  parallel  copper  plates  coated  with  gold  and  separated  one  from  the 
other  by  a  fixed  distance  d.  The  separation  of  the  plates  was  made  only  large  enough  to  permit  the  laser 
beam  to  pass  between  the  plates  without  being  depolarized.  This  distance  d  for  the  Kerr  cell  was  approxi¬ 
mately  0.118  in.,  I.e.,  slightly  larger  than  the  laser  beam’s  diameter.  The  capacitance  of  a  parallel-plate 
capacitor  is 


C  = 


Q 

Vc 


~  e0er 


A 

—  (farad) 
d 


(2) 


where 


A  is  the  area  of  the  dielectric  facing  the  electric  flux  lines  expressed  in  square  meters 
d  is  the  separation  of  the  conductors  expressed  in  meters 
e ,  is  the  dielectric  permittivity  of  the  dielectric 
1  F 

e0  *  ~~  permittivity  of  free  space 

36tt  X  10  m 

By  use  of  Equation  (2),  one  can  determine  the  capacitance  of  the  Kerr  cell  by  its  dimensions  and  the 
dielectric  constants  of  the  material  being  examined  between  the  plates  of  the  Kerr  cell.  The  capacitance 
of  the  Kerr  cell  varied  from  10  to  100  pF  in  the  experiments  performed. 

An  electrical  schematic  of  the  apparatus  is  shown  in  Figure  4.  The  optical  components  are  given  for 
reference  only,  the  actual  optical  system  being  as  in  Figure  2.  The  system,  as  represented  here,  was  operated 
as  a  tuned  R-L-C  circuit  (see  Appendix  II!)  for  the  purpose  of  achieving  maximum  voltage  across  the  Kerr 

cell  with  minimum  input  power. 
Voltages  of  20  kV,  peak  to  peak  at 
frequencies  up  to  100  kHz,  were 
achieved. 


The  Kerr  signal  produced  by 
this  voltage  was  checked  for 
authenticity  in  the  following  way. 
First,  the  laser  beam  was  cut  off  by 
a  piece  of  cardboard.  The  dis¬ 
appearance  of  the  signal  when  this 
was  done  showed  that  the  Kerr 
signal  was  not  caused  by  electronic 
pickup  or  by  ground  loops  in  the 
apparatus.  Also,  a  rotation  of  the 
polarizers  by  90  degrees  caused  the 
Kerr  signal  to  invert,  as  is  proper.  It 
was  therefore  concluded  that  the 
signal  observed  was  truly  a  result  of 
the  normal  Kerr  effect. 


FIGURE  4.  ELECTRICAL  SCHEMATIC 
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The  apparatus  was  used  in  the  following  manner- 

(1)  The  R-L-C  circuit  parameters  were  set  for  a  resonant  frequency  in  the  range  required. 

(2)  The  signal  generator  was  tuned  to  the  resonant  frequency  by  maximizing  the  voltage  across  the 
Kerr  cell,  which  was  set  to  the  level  required. 

(3)  The  signal  was  then  observed  on  the  lock-in  amplifier.  (This  signal  was  at  twice  the  original 
frequency  because  the  Kerr  el  feci  signal  is  proportional  to  sin20.  See  Appendix  I  for  an  analysis 
of  the  amplitude  of  the  Kerr  signal  at  the  doubled  frequency.) 

(4)  The  phase  measurements  were  performed  by  finding  the  phase  at  which  the  reference  signal 
from  the  lock-in  amplifier  and  the  input  signal  (Kerr  signal)  were  90  degrees  out  of  phase,  l.e., 
the  null  point.  The  null  point  was  verified  for  weak  signals  by  finding  the  point  at  which 
blocking  the  laser  beam  caused  no  shift  in  the  meter  deflection.  A  further  check  on  the  null  was 
made,  in  some  cases,  by  disconnecting  the  Kerr  cell  leads  and  operating  the  system  as  if  it  were 
connected.  This  procedure  determines  the  extent  of  electrical  pickup,  for  which  the  data  can 
then  be  corrected.  The  data,  therefore,  contain  no  error  due  to  electrical  pickup. 

(5)  The  amplitude  of  the  Kerr  signal  war  measured  by  changing  the  reference  phase  with  respect  to 
the  input  phase  by  90  degrees  and  noting  the  deflection  of  the  lock-in  meter.  The  measured 
Kerr  signal  was  the  difference  between  the  in-phase  deflection  and  the  null  deflection,  thus 
canceling  pickup  deflections. 

(6)  The  procedure  was  repeated  at  each  frequency  until  the  pertinent  range  was  covered. 

(7)  The  procedure  was  repeated  with  the  nitrobenzene  Kerr  cell  In  place  to  provide  data  for 
canceling  apparatus  phase  shifts  and  amplitude  changes  as  a  function  of  frequency. 

2.  Results 

The  experiments  performed  so  far  have  had  several  purposes.  In  the  first  experiments,  poly- 
y-benzyl-S-glutamate  (PBLG)  was  used  to  check  out  the  equipment  and  methods,  PBLG  is  a  polypeptide 
which  can  exist  in  the  form  of  an  a-heiix,  leading  to  a  vector  addition  of  monomer  dipole  moments  and  a 
large  total  electric  dipole  moment.  Its  high  molecular  weight  (between  200,000  and  400,000  for  our 
sample)  and  large  dipole  moment  make  this  compound  an  ideal  one  on  which  to  test  the  method.  The  phase 
and  amplitude  curves  were  obtained  by  comparison  with  similar  curves  for  nitrobenzene.  This  normaliza¬ 
tion  was  made  necessary  because  of  phase  and  gain  changes  In  the  electronic  equipment  with  changes  in 
frequency.  In  this  normalization  procedure,  nitrobenzene  was  made  the  reference  material,  assuming  that 
no  phase  shift  or  amplitude  change  should  have  been  observed  for  this  compound.  Thus,  the  raw  data  for 
PBLG  were  treated  in  the  following  ways: 

(1)  At  a  given  frequency,  the  measured  phase  shift  of  the  nitrobenzene  was  subtracted  from  the 
PBLG  phase  shift  to  give  the  relative  phase  shift  between  the  two  compounds.  Equipment  phase 
shifts  are  thus  subtracted  out. 

(2)  The  amplitude  of  the  PBLG  signal  at  each  frequency  was  scaled  up  by  the  ratio  of  the  ampli¬ 
tude  of  the  nitrobenzene  at  the  lowest  frequency  used  to  that  at  the  frequency  in  question. 
This  essentially  returns  the  gain  to  that  of  the  lowest  frequency  measured. 

Figure  c  shows  the  normalized  curve  obtained  for  PBLG.  Our  sample  was  found  to  have  its  90-degree 
phase  point  (approximately  the  critical  frequency)  at  about  1500  Hz. 

The  next  set  of  experiments  was  performed  on  compounds  of  interest  to  the  Air  Force  and  were 
supplied  by  them.  One  was  an  oil  additive  used  to  Improve  viscosity-temperature  properties,  known  as 
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Acryiota  HF-866.  Its  molecular 
weight  is  of  the  order  of  10*.  The 
experiment  was  performed  to  show 
the  feasibility  of  further  experi¬ 
ments  designed  to  measure  geom¬ 
etry  changes  in  the  Aciyloid  with 
temperature  variations,  and  thus 
develop  a  method  of  evaluating  the 
effectiveness  of  other  additives  of 
this  nature.  The  preliminary  experi¬ 
ments  were  successful,  showing  a 
critical  frequency  for  this  com¬ 
pound  of  approximately  1900  Hz. 
The  normalized  data  are  given  in 
Figure  6. 
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FIGURE  6.  ACRYLOID  HF-866  KERR  RESPONSE  CURVE 


*'  Additional  time  and  equip¬ 

ment  will  be  necessary  to  measure 
this  critical  frequency  as  a  function 
of  temperature  and,  hence,  measure 
the  geometry  change  in  the  mole¬ 
cule.  Incidental  Information  gathered 
from  this  experiment  includes  the  fact 
that  the  Acryloid  has  a  permanent  dipole 
moment  as  indicated  by  the  phase  curve 
going  io  1 80  degrees, 

Another  compound  studied  in  this 
phase  was  an  ester  known  as  S-9.  used  as 
a  base  stock  for  synthetic  lubricants.  This 
compound  has  a  molecular  weight  of 
about  555,  which  makes  the  data 
obtained  from  it  (shown  in  Figure  7)  very 
difficult  to  understand.  The  critical  fre¬ 
quency  for  this  sample  was  measured  to 
be  about  1 000  Hz -very  low  for  a  mole¬ 
cule  of  this  size.  A  gross  estimate  of  its 
expected  critical  frequency  gave  100 
MHz.  Accordingly,  the  measurements  on 
S-9  were  repeated,  and  the  data  were 
found  to  be  in  error.  These  measurements 
showed  no  phase  shift  with  respect  to 
nitrobenzene  for  ester  S-9  in  the  fre¬ 
quency  region  studied  (1  kHz  •  100  kHz). 
The  data  first  obtained  are  presumed  to 
be  caused  by  small  amounts  of  poly¬ 
peptide  remaining  from  previous  tests. 


Experiments  on  a  similar  ester,  known  as  S-7,  show  the  expected  response.  The  data  are  not  reported, 
because  no  piiase  shift  or  amplitude  change  with  respect  to  nitrobenzene  was  measured.  This  is  the  proper 
behavior  for  a  compound  with  a  very  high  critical  frequency.  These  data  lend  support  to  the  impurity 
explanation  of  the  S-9  data,  since  S-7  and  S-9  are  very  similar  in  molecular  structure. 


The  final  series  of  experiments  was  performed  to  show  the  feasibility  of  analyzing  mixtures  using  the 
phase  method.  In  this  work,  the  ester  S-9  and  Acryloid  HF-866  were  mixed  to  give  approximately  equal 


contributions  to  the  Kerr  response  curve  (Fig¬ 
ure  3).  The  response  curve  of  ihe  mixture  was 
measured  and  the  phase  curve  was  analyzed 
according  to  the  equations 

*  fE^E  (3) 

and  1  ~fA  +/*  W 

Hence,  <f>T,  <j>A ,  and  <t>£  are  the  phase  shifts 
observed  for  the  mixture,  pure  Acryloid,  and 
“pure”  ester,  respectively;  f A  and  /*•  are  the 
unknown  fractions  of  Acryloid  and  ester.  These 
equations  apply  and  were  solved  for  each  fre¬ 
quency.  The  equations  can  be  combined  to 
yield 


and 


/ E 


fA 


<t>T  ~  <t>A 

l  - 

<t>E  ~ 

$T  ~  $E 

m  - - 

<t>A  -$B 


(5) 

(6) 


Phase  (°)  | 


Frequency  (kHs) 


Frequency  vs  Phase 


FIGURE  7.  ESTER  S-9  KERR  RESPONSE  CURVE 


The  sample  calculations  for  the  ester- 
Acryloid  mixture  are  given  in  Table  I,  showing 
a  quite  reasonable  analysis.  The  data  agree  well 
enough  to  show  that  the  method  works,  yet 
point  out  the  need  for  more  accurate  phase 
measurements.  This  analysis  and  the  numerical 
method  are  examined  in  mote  detail  in  Sec¬ 
tion  IV. 


TABLE  1.  ANALYSIS  OF  MIXTURE 
RESPONSE  CURVES 


/ 

(Hz) 

<t>T 

(deg) 

(deg) 

fA 

(deg) 

fA 

(%) 

fs 

(%) 

930 

120 

152.5 

95 

43.5 

56.5 

1150 

130 

170 

100 

42.8 

57.2 

1650 

150 

175 

120 

54.5 

45.5 

2200 

162.5 

180 

150 

41.6 

58.4 

FIGURE  8.  MIXTURE  KERR  RESPONSE  CURVES 
(Un-NomuUzed) 
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SECTION  IV 


THEORETICAL  MIXTURE  ANALYSIS 

A  digital  computer  program  for  the  solution  of  the  general  equations  derived  in  Appendix  IV  has 
been  written  and  used  to  calculate  the  Kerr  response  curves  for  multicomponent  systems.  The  program 
requires  as  input  data  the  number  of  constituents,  their  contribution  to  the  D.  C.  Kerr  constant,  their 
relaxation  times,  and  a  defined  frequency  range.  The  Fortran  IV  version  of  this  program  is  given  in 
Appendix  V.  The  results  that  have  been  obtained  thus  far  are  shown  in  Figures 9  through  21 .  In  these 
figures,  the  curve  labeled  “Amplitude”  is  it(co),  that  labeled  "Derivative"  is  c//(cj)/Ucj,  that  labeled  “Phase” 
is  6(w),  and  ,Tntensity’’is/(«).  The  maximum  magnitude  that  these  variables  have  In  any  figure  is  given  in 
parentheses  after  the  label.  This  number  thus  defines  the  scale  factor.  The  experimental  observables  are/(u) 
dI(cS)/d(jJ,  and  5(w).  See  Appendix  VII  for  the  equations  for  these  quantities  and  their  derivations.  For 
convenience,  Table  II  shows  the  input  data  for  Figures  9  through  21 . 

The  first  three  cases  are  single-component  systems.  Included  for  the  purpose  of  testing  the  simple 
additivity  rules.  The  next  three  cases  are  two-component  systems  under  moderate  frequency  resolution,  and 
the  last  four  are  three-component  systems  under  poor  resolution  conditions.  The  last  case  is  a  synthesis  of 
the  Acryloid  HF-866  -  Ester  S-9  mixture  experimental  curves,  based  on  measured  relaxation  times  in  the 
separated  systems. 


TABLE  II,  SUMMARY  OF  PARAMETERS  USED 
TO  GENERATE  FIGURES  9  THROUGH  21 


Figure 

Constituents 

D.C.  Kerr  Effect 
Contribution 

Relaxation 
Times  (tec) 

Frequency  Range 
(radiant/ sec) 

9 

t 

1.0 

0.001 

0- 1 3000 

10 

i 

1.0 

0,0003 

0- 1 3000 

11 

i 

1.0 

0.0001 

0-13000 

12 

2 

0.5 

0.001 

0-13000 

0.5 

0.0001 

0  13000 

13 

2 

0.2 

0.001 

0-13000 

0.8 

0.0001 

14 

2 

0.8 

0.001 

0-13000 

0.2 

0.0001 

15 

3 

0.333 

0.001 

0-13000 

0.333 

0.0003 

0.333 

0.0001 

16 

3 

0.2 

0.001 

0-13000 

0.2 

0.0003 

0.6 

0.0001 

17 

3 

0.6 

0.001 

0-13000 

0.2 

0.0003 

0.2 

0.000 1 

18 

3 

0.2 

0.001 

0-13000 

0.6 

0.0003 

0.2 

0.0001 

19 

t 

1.0 

0.00055 

0-9000 

20 

1 

1.0 

0.00093 

0-9000 

21 

2 

0.5 

0.00055 

0-9000 

0.5 

0.00093 

Amplitude  (0-S1  '  Ai.pl.lud,  (0-5)  '  Amplitude  I0J) 

Intensity  (1.234  *  10  ’t  -  '"'entity  (1 234  *  10 'I  -  Mens*,  |1.234  »10" 


AU  cuives  shown  in  Figures  9  through  21  are  normalized. 
The  maximum  valve  of  each  variable  is  given  in  parenthe¬ 
ses  in  the  legend. 
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These  curve;  have  beer:  generated  tu  find  (1)  (lie  value  of  ihc  differential  spectrometer,  (2)  the 
methods  of  obtaining  the  concentration  data,  and  (3)  the  concentration  and  frequency  resolution  possible 
under  different  conditions.  From  a  study  of  (he  two-component  curves,  it  can  be  seen  that  the  differential 
method  offers  a  real  advantage  when  the  low  frequency  component  is  the  low  concentration  one  (Figure 
13).  However,  in  the  opposite  case  (Figure  14),  the  phase  measurement  seems  to  be  the  best  analytical 
method.  Basically,  this  reversal  of  character  occurs  because  the  dispersion  region  widens  as  frequency 
Increases,  thus  lowering  JI/iIlo.  Therefore,  us  it  is  now  conceived,  the  derivative  method  appears  most  useful 
when  the  lower  concentration  component  is  in  the  low  frequency  region. 

In  general,  the  concentration  data  should  he  obtained  by  analyzing  the  experimental  data  in  terms  of 
the  equations  of  Appendix  IV.  Various  methods  of  using  nonlinear  least  squares  fits  and  varying  the  test 
parameters  have  been  used  in  this  type  of  analysis.  One  In  particular,  Lcvcnberg’s  method,  has  been  used  by 
the  author  to  obtain  the  best  lit  and  statistical  duta  from  electron  spin  resonance  saturation  curves  with 
excellent  results.  However,  il  would  be  more  appropriate  to  be  able  to  obtain  at  least  approximate  concen¬ 
tration  data  from  the  curves  themselves  without  resorting  to  computer  analysis.  To  this  end,  the  errors 
involved  in  the  phase  additivity  and  amplitude  additivity  methods  have  been  estimated.  The  numbers  from 
the  single-component  systems  of  appropriate  relaxation  times  were  multiplied  by  the  concentrations  used  in 
the  complete  synthesis  curve,  added,  and  compared  with  the  complete  curve.  The  phase  additivity  method 
is  governed  by  the  equation 

<t>r(u)  =  2  fMu) 

where  /}  is  the  fraction  of  the  I'1'  componenl  in  the  system.  <Pi  Is  the  phase  shift  of  that  component  by 
itself,  and  <Pr  is  the  total  phase  shift  of  the  mixture.  Similarly,  the  amplitude  additivity  method  is  defined 
by  the  equation 

lir(  u)=Zj)lj,{u) 

where  ff/( to)  is  the  magnitude  of  the  Kerr  constant  of  the  1th  component  at  any  particular  frequency,/)  is 
the  fraction  of  the  i111  component  in  the  system,  and  B'/{u)  is  the  total  Kerr  constant. 


TABLE  III.  SIMPLE  ADDITIVIT  Y  RULES  FOR  MODERATE  FREQUENCY  RESOLUTION 
■qn  -  0.001  sec  7(2)  “  0.0001  sec 


Frequency 

0.8  X  Phased) 

0.2  X  Phase  (2) 

Sum 

Exact 

0,8  X  Amp  (1) 

0.2  X  Amp  (2) 

Sum 

_ 

Exact 

0 

0 

0 

0 

0 

0,4 

0.1 

0.5 

34 

0.422 

0.011 

0.433 

0.429 

0.1 

0.46 

69 

0.788 

0.810 

0.781 

0,1 

0.41 

0.38 

103 

1.08 

1.11 

1.03 

0.099 

0.34 

0.29 

172 

1.475 

0.054 

1.529 

1.24 

Spipi  t  j 

0.17 

241 

1.72 

0.075 

1.79 

1.21 

0.12 

310 

1.87 

0.095 

1.96 

1.11 

0.059 

0.15 

0.10 

379 

1.98 

0.115 

2.09 

1.04 

0.042 

| ; 

0.13 

0.088 

-*48 

2.06 

0.135 

2.19 

1.03 

0.0304 

■K  i : 

0.12 

C.084 

517 

2.11 

0.155 

2.26 

1.05 

0.0236 

0.11 

0.082 

'86 

2.16 

0.17 

2.33 

1.09 

0.0186 

■ 

0.10 

0.079 

655 

2.20 

0.188 

2.39 

1.14 

0.0151 

7  r  1 

0.077 

793 

2.25 

0.22 

2.47 

1.25 

0.0124 

0.075 

0.074 

931 

2.29 

0.25 

2.54 

1.37 

0.0075 

0.071 

0.065 

1069 

2.31 

0.276 

2.59 

1.48 

0.0058 

0.058 

0.063 

0059 

1207 

2.34 

0.30 

2.64 

1.58 

0,0045 

0.052 

0.056 

0.053 

1345 

2.36 

0.32 

2.68 

1.68 

0.0037 

0.047 

0.051 

0.048 

1483 

2.37 

0.34 

2.71 

1.77 

0.0030 

0.042 

0.045 

0.043 

1621 

2.38 

0.357 

2.74 

1.84 

0.0026 

0.040 

0.039 

1759 

2.39 

0.37 

2.76 

1.91 

0.0022 

0.036 

0.036 

1897 

2.40 

0.38 

2.78 

1.98 

0.0019 

0.031 

0.033 

0.032 

2034 

2.41 

0.40 

2.81 

2.04 

0.0016 

0.038 

0.030 

0.029 

— - J 
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described  by  the  phase  additivity  rule  except  at  small  angles  (i.e.,  both  6,  and  6, <30  degrees),  but  is 
adequately  described  by  the  amplitude  additivity  rules  al  both  low  and  high  frequencies.  In  the  inter¬ 
mediate  range,  the  canceling  phase  shift  of  the  iow  frequency  component  causes  the  exact  answer  to  be 
significantly  less  than  the  simple  sum.  However,  at  low  frequencies,  both  signals  are  approximately  in  phase 
and  hence  add  algebraically.  Also,  at  high  frequencies,  the  low  frequency  (r  =  0.001  sec)  component’s 
amplitude  is  near  zero,  so  that  the  only  remaining  amplitude  contribution  is  from  the  high  frequency  (r  = 
0.0001  sec)  component.  This  state  of  affairs  is  expected  to  be  true  for  many  component  systems  in  which 
no  relaxation  time  is  nearer  than  a  factor  of  ten  to  the  others.  Thus,  under  these  resolution  conditions,  the 
simple  amplitude  additivity  rules  are  expected  to  hold  when  the  data  are  taken  in  low  dispersion  regions. 

The  data  in  Table  IV  show  that  the  phase  additivity  rule  is  valid  at  least  for  two-component  systems 
in  which  the  relaxation  times  differ  by  less  than  a  factor  of  two  (t,  =  0.00055  sec,  r2  =  0.00093  sec).  The 
error  at  any  frequency  was  5  percent  or  less,  even  in  regions  of  high  dispersion.  The  data  in  Table  IV  also 
show  that  the  amplitude  additivity  rules  are  approximately  obeyed  throughout  the  dispersion  region.  Thus, 
either  simple  method  may  be  used  with  the  noted  reliability  when  the  resolution  is  poor. 

The  limiting  factors  affecting  the  concentration  analysis  are  (1)  accuracy  of  the  experimental  data, 
(2)  frequency  resolution  of  the  component  critical  frequencies,  and  (3)  the  basis  of  the  analysis.  In  this 
section,  the  inaccuracy  in  the  experimental  data  has  been  neglected  completely.  Also,  the  limits  in  obtain¬ 
ing  concentration  data  under  the  various  resolution  conditions  have  not  been  fully  explored. 


TABLE  IV.  SIMPLE  ADDITIVITY  RULES  FOR  POOR 
FREQUENCY  RESOLUTION 

r(j)  =  0D055  sec  T(2)  =  0  00093  sec 


Frequency 

0.5  X  Phase  (1) 

0.5  X  Phase  (2) 

Sum 

Exact 

%  Error  (max) 

0 

G 

0 

0 

0 

48 

0.203 

0.334 

0,537 

0.532 

1 

95 

0.389 

0.603 

0.992 

0.966 

2.5 

143 

/  0.549 

0.798 

1.347 

1.296 

4 

191 

0.682 

0.936 

1.618 

1.548 

5 

239 

0.790 

1.037 

1.827 

1.748 

5 

286 

0.879 

IIP 

1.991 

1.908 

5 

334 

0.952 

1.169 

2.121 

2.038 

5 

382 

1.013 

1.215 

2.228 

2.146 

4 

430 

1.064 

1.252 

2.316 

2.236 

4 

477 

1.106 

1.281 

2.387 

2.313 

4 

525 

1,143 

1.306 

2.449 

2.378 

3.5 

573 

1.174 

1.328 

2.502 

2.434 

3 

621 

1,202 

1,346 

2.548 

2.483 

2.5 

668 

1.226 

1.361 

2.587 

2.526 

2.5 

716 

1.247 

1.374 

2.621 

2.564 

2.5 

Frequency 

0.5  X  Amp  (1) 

0.5  X  Amp  (2) 

Sum 

Exact 

%  Error  (max) 

0 

0.250 

0.250 

0.500 

0.500 

_ 

48 

0.239 

0.222 

0.461 

0.458 

1 

95 

0.212 

0.167 

0.379 

0.372 

2.5 

143 

0.179 

0.119 

0.298 

0.290 

■  3 

191 

0.148 

0,0856 

0.234 

0.227 

3.5 

239 

0.121 

0.0628 

0.184 

0.179 

3 

286 

0.0992 

0.0474 

0.147 

0.143 

3 

334 

0.0818 

0.0368 

0.119 

0.116 

3 

382 

0.0680 

0.0292 

0.0972 

0.0956 

2 

430 

0.0571 

0.0237 

0.080 

0.0797 

1.5 

477 

0.0485 

0.0196 

0.0681 

0.0673 

1.5 

525 

0.0416 

0,0164 

0.0580 

0.0574 

1.5 

573 

0.0359 

0,0139 

0.0498 

0.0495 

1 

621 

0.0313 

0.0120 

0.0433 

0.0430 

1 

668 

0.0275 

0.0104 

0.0379 

0.0377 

1 

716 

0.0243 

0.0091 

0.0334 

0.0333 

1 
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SECTION  V 


SUMMARY 


It  has  been  shown  experimentally  that  the  time  lag  or  phase  shift  in  the  Kerr  signal  can  be  used  to 
characterize  certain  molecules  and  also  to  analyze  a  particular  two-component  mixture  of  compounds.  It 
has  also  been  shown  by  numerical  solution  of  the  Kerr  response  curve  for  mixtures  that  the  simple  phase 
additivity  rule  breaks  down  when  the  relaxation  times  differ  by  a  factor  of  10.  but  hold  for  times  differing 
by  less  than  a  factor  of  2.  The  amplitude  additivity  holds  in  both  eases  if  applied  at  the  proper  frequencies. 
Also,  the  calculated  intensities  and  derivative  spectra  that  were  obtained  under  different  concentration  and 
frequency  resolution  conditions  are  presented  for  qualitative  evaluation. 

The  primary  requirement  for  the  applicability  of  the  method  is  that  the  compounds  under  study 
have  either  a  permanent  dipole  moment  or  an  anisotropic  polarizability  tensor.  If  either  of  these  conditions 
is  satisfied,  the  compound  can  be  oriented  by  the  electric  field.  In  general,  any  compound  that  consists  of 
different  atoms  which  are  not  arranged  symmetrically  will  have  a  permanent  dipole  moment.  Also,  any 
compound  with  less  than  cubic  symmetry  will  have  an  anisotropic  polarizability.  Thus,  in  principle,  the 
method  is  very  general  the  only  exceptions  being  very  symmetrical  compounds  like  methane. 

In  practice,  the  method  is  limited  by  the  high  frequencies  required  to  measure  the  critical  frequencies 
of  low  molecular  weight  compounds  and  by  the  attainable  electric  fields.  THe  present  work  has  not  reached 
the  limit  on  either  frequency  or  electric  field.  In  order  to  facilitate  the  extension  to  higher  frequency,  a 
spectrometer  has  been  designed  which  eliminates  the  need  for  high  frequency  detection  electronic  equip¬ 
ment.  This  spectrometer  (shown  in  Appendix  VI)  uses  a  modulation  technique  to  allow  phase  detection  at  a 
constant  audio  frequency  while  scanning  the  driving  frequency  through  the  range  of  the  power  amplifier. 
This  scheme  has  the  advantage  of  considerably  reducing  the  difficulties  involved  In  high  frequency  measure¬ 
ments.  Preliminary  tests  of  this  concept  arc  under  way. 

In  the  future,  a  temperature  variation  capability  should  be  built  into  the  apparatus.  This  would  allow 
study  of  the  geometry  changes  in  the  Acryloid  HF-866  and  other  viscosity  stabilizers  as  a  function  of 
temperature.  Because  temperature  enters  into  the  expression  for  the  rotational  diffusion  constant,  this 
capability  would  also  allow  manipulation  of  the  critical  frequencies,  A  compound  that  is  outside  the 
frequency  range  of  the  'ustrument  could  be  brought  in  by  lowering  the  sample  temperature. 

Experimentally,  the  resonance  method  which  has  been  used  in  this  work  can  be  extended  to  much 
higher  frequencies.  The  general  requirement  is  that  power  oscillators  be  available  at  the  frequency  range 
required.  The  amount  of  power  available  from  the  oscillator,  the  frequency,  and  the  quality  of  the  com¬ 
ponents  used  then  determines  the  electric  field  strengths  involved  and  hence  the  Kerr  signal  amplitude.  The 
only  major  difficulty  in  extending  the  frequency  range  of  the  current  apparatus  is  the  lack  of  high 
frequency  phase  lock  in  amplifier  equipment. 

Finally,  our  conclusions  are  that  the  different  Kerr  response  curves  of  different  molecules  can  in 
principle  be  used  to  analyze  a  chemical  mixture,  Aside  from  sensitivity  considerations,  the  most  important 
factors  In  any  particular  mixture  are  the  relative  relaxation  times  of  the  components  and  their  relative  zero 
frequency  Kerr  constants. 

For  instance,  a  compound  such  as  the  poly-y-benzyl-K-glutamate  can  be  measured  at  low  frequencies 
but  will  not  interfere  with  high  frequency  measurements  of  other  species.  The  practical  rule  of  thumb  for 
observing  obvious  breaks  in  the  Kerr  response  curve  appears  to  be  that  the  relaxation  times  differ  by  at  least 
a  factor  of  10.  Cases  in  which  the  ratio  of  relaxation  times  is  less  than  10  require  numerical  analysis  of  the 
mixture  response  curve  by  using  control  curves  from  the  independent  components,  Obviously,  such  a 
procedure  assumes  that  the  components  do  not  alter  each  other’s  response  curves  and  hence  the  absence  of 
any  appreciable  molecular  Interaction  between  components. 
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APPENDIX  I 


SIGNAL  SHAPE  ANALYSIS 


The  optical  phase  difference  between  components  of  the  polarization  vector  parallel  to  and  per¬ 
pendicular  to  the  electric  field  is  given  by 


6  =  2  irjtF3  (1) 

where  /  is  the  Kerr  constant,  S  the  path  length,  and  F  the  electric  field  strength.  The  amount  of  light  passed 
by  the  analyzer  is  given  by 


/  =  /0  sin3  (5/2) 


when  the  polarizer  and  analyzer  are  crossed. 
Substituting  ( t )  into  (2),  the  result  is 


/  =  1a  sin3  (rr/fiF3) 

Using  a  trigonometric  identity,  the  intensity  is 

/  =  y  [1  -cos(2ff/KF2)] 


(2) 


(3) 


(4) 


If 


F  =  Fe  sin  wr  (5) 

nOF20  =  k 


then 


Expanding  sin3  wf,  then 


/ 


-  cos  (2*  sin3«f)] 


1  -  cos 


< 


(6) 

(7) 


Expanding  (7),  the  intensity  becomes 


/  = 


k 

2 


[  1  -  cos  k  cos  (k  cos  2wf)-  sin  k  sin  (k  cos  2u>t)] 


(8) 


Using 


cos  (r  cos  9)  =  J0(r)  +  2  zL  cos  (n9) 

n  even, 

positive 


'=2  ^  J„( 

n  odd, 

positive 


sin  ( r  sin  8)  =2  ^  Jn{f)  sin  (n$ ) 

n  odd. 


(7) 


ffts-ral 


_ l .  I  / -\  iLa  Da"r<  1  fnn/'ti/%n  th<k  ir\tul  int^ndtV  h<*('ntllfiS 

nuviv  *>#|V  I  *■*  fc,iV  v;i»mmi»v«.4  *-*— *  . . .  - 


I  =  —  1  -  cos  k  I Ja(k)  +2  <L  i“jn(k)  cos  («2m/)] 

2  ii  even, 

positive  _ 

—  sin/c|2  in*lJn(k)  cos(«2w/M  (10) 

n  odd, 
positive 


However,  if  the  quantity  measured  is  the  component  of  /  at  frequency  2<u,the  only  surviving  term  is 

/luJ“  I0  sin  (k)Ji (k)  cos  2 tor 

Using  (5)  to  expand  k ,  the  result  is 

/lw  =  sin  (ir i&Fl)  J,  cos  2co/ 


Table  V  lists  values  of  8,  sin  6.  /,(6),  and  sin  (S)  X  7,(8)  for  the  range  of  interest.  The  magnitude  of  /lw  is 
proportional  to  the  product  sin  (6)  X  /,(«),  so  that  the  last  column  in  Table  II  gives  the  normalized 
amplitude  (/lw//0)  of  the  component  at  frequency  2w.  The  maximum  in  this  amplitude  occurs  at  1.7 
radians,  somewhat  greater  than  the  90-degree  point  at  1.57  radians.  The  amplitude  increases  rapidly  up  to 
about  1 .2  radians  and  any  increase  in  8  over  1 .2  is  of  questionable  value. 

It  should  be  pointed  out  that  this  analysis  assumes  a  particular  Kerr  constant  at  any  given  frequency. 
That  is,  the  analysis  here  is  strictly  to  show  the  dependence  of  the  amplitude  of  the  2co  signal  on  the 
various  experimental  parameters  at  any  particular  frequency.  For  the  frequency  dependence  of  the  Kerr 
constant  and  phase  shift,  refer  to  Benoit’s  paper  in  Appendix  VII. 


TABLE  V.  MODULATION  PARAMETERS 


k  (radians) 

sin  6 

•/,<!» 

sin  6  XJ s(6) 

0,0 

0.0 

0.0000 

0.000 

0.1 

0.0998 

0.0499 

0.0050 

0.2 

0.1987 

0.0995 

0,0198 

0.3 

0.2955 

0.1483 

0,0438 

0.4 

0.3894 

0,1960 

0.0763 

0,5 

0,4794 

0.2433 

0.1166 

0.6 

0.5646 

0.2867 

0.1619 

0.7 

0.6442 

0.3290 

0.2119 

0.8 

0.7174 

0.3688 

0.2646 

0.9 

0.7833 

0.4059 

0.3179 

1.0 

0.8415 

0.4401 

0.3703 

1.1 

0,8912 

0.4709 

0.4197 

1.2 

0.9320 

0.4983 

0,4644 

1.3 

0,9636 

0.5220 

0,5030 

1.4 

0.9854 

0,5419 

0.5340 

1.5 

0.9927 

0.5579 

0.5538 

1.57 

1.0000 

0,5663 

0.5663 

1.6 

0.9996 

0,5699 

0.5697 

1.7 

0,9917 

0.5778 

0.5730 

1.8 

0.9738 

0.5815 

0.5663 

1,9 

0.9463 

0.5812 

0.5500 

2.0 

0.9093 

0.5767 

0.5244 
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APPENDIX  II 


THEORETICAL  BASIS  OF  TIME  LAOS 


The  theory  for  the  dependence  of  the  Kerr  constant  on  the  frequency  of  the  applied  electric  field  has 
been  summarized  by  H.  Benoit.  Using  the  laws  of  Brownian  motion  and  changing  parameters  according  to 
the  mechanism,  he  arrives  at  different  results  for  the  two  orientation  mechanisms.  The  orientation  by  a 
permanent  moment  leads  to  the  result 

I  cos(2co/— 6j) 

An  =  A ;i„  - —  +  ===== — -====== 

I  +  9lo2t2/4  VI  +  w*t3  \/ 1  +  9co2 r1  /4 

where  Ah  is  the  observed  difference  in  indices  of  refraction,  Ahu  for  d.c.  voltages,  r  =  1/(3jD),  D  being  the 
rotational  diffusion  constant,  and 


tan 


Scot 


2  -  3co2r2 

For  the  case  of  orientation  by  an  induced  moment,  the  corresponding  equation  is 

cos(2co/  —  6,)‘ 


Ah  =  An,, 


s/\  +  w 


with 


(2) 


(3) 


tun  6 1  *  c or  (4) 

In  the  case  of  the  permanent  moment  orientation,  the  magnitude  of  the  Kerr  constant  goes  to  zero  as  the 
frequency  of  the  electric  field  increases,  with  the  please  lag  of  the  observed  signal  going  to  ISO  degrees  in 
the  limit.  By  contrast,  the  induced  moment  Kerr  constant  goes  to  half  the  d.c.  value  and  the  phase  lag  goes 
to  90  degrees  at  high  frequencies.  The  critical  frequency  in  the  permanent  moment  case  is  determined  by 
finding  tiie  point  at  which  the  signal  is  shifted  by  90  degrees  and  solving  the  equation  for  tan  £  j  =  This 
leads  to  the  equation 


D  = 


co 

A 


(5) 


For  the  case  of  an  induced  moment,  the  point  at  which  the  signal  is  shifted  by  45  degrees  is  given  by 


co 

D  =  - 
3 


(6) 


the  rotational  diffusion  time  is  given  by  Boeckel.  et  al.,*  as 


kT 

D--—r  (log/,-  log  0.8  R) 
r)L 


(7) 


where  L  is  the  length  of  the  molecule,  R  is  the  cross  section  dimension,  and  v  is  the  viscosity  of  the  solvent. 


•Boeckel,  Cl.,  Gon/.ling.  J„  Weill,  G..  and  Benoit,  H„  J.  Chim  Phys,  59,  1 962,  999. 
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APPPNniy  in 


EXPERIMENTAL  CONSIDERATIONS 


Figure  22  shows  the  electrical  analogy  of  the  Kerr  system.  The  capacitor  K  ill  Figure  22  represents 
the  Kerr  cell;  its  capacitance  is  approximately  100  pf.  This  capacitance  K  may  be  neglected  itt  the  linear 
analysis,  since  u  is  in  parallel  with  a  much  larger  capacitor  and  thus  contributes  little  to  the  total  capaci¬ 
tance  of  the  circuit.  In  other  words,  K  acts  as  an  open  circuit  at  low  frequencies. 

The  inductor  I. ,  (decoupling  transformer)  in  Figure  22  acts  as  a  short  circuit  below  2  kHz  and  the 
capacitor  C j  is  chosen  to  act  as  a  short  above  3  kHz  so  that  these  two  components  have  little  effect  on  the 
operation  of  the  circuit  shown  in  Figure  22. 


r  «  6on 


R  *  Rl  +  rac 


FIGURE  22.  ELECTRICAL.  ANALOGY  OF  THE  KERR  SYSTEM 


FIGURE  23.  A. SIMPLE 
R-L-C  CIRCUIT 


The  electrical  circuit  under  these  assumptions  can  be  represented  as  u  simple  R-L-C  circuit  as  shown 
in  Figure  23, 

In  Figure  23,  R  represents  the  real  and  a.c.  resistance  basically  In  the  Inductor  /..  The  total  resistance 
R  is  approximately  60  ohms  at  low  frequencies.  The  simple  R-L-C  circuit  in  Figure  23  can  be  tuned  for 
resonance  by  varying  the  inductor  /.  which  Is  an  1 1-henry  variublc  inductor.  In  the  R-L-C  circuit  of  Figure 
23,  use  is  made  of  series  resonance  to  produce  the  large  driving  voltages  that  are  necessary  for  laser  intensity 
modulation  in  the  Kerr  cell. 


The  loop  equation  for  the  circuit  in  Figure  23.  assuming  zero  Initial  conditions,  is 


d i  1 

L  —  +Ri  +--  I 


(I) 


'  o 


The  complementary  function,  or  the  transient  part  of  the  current  in  Equation  (I),  is  Independent  of 
the  excitation  and  can  be  found  from  the  homogeneous  equation  in  operator  notation: 


W*+RD  +  -  itr-0 
C 


(2) 
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The  two  terms  in  liquation  (7)  are  n-nnscillatory. 
(Case  iii) 


b  is  imaginary 


i>=i 

/„  =  c  “U'.^'+Kje  (K) 

Now 

e^*r  =  cos  (5/  +  j  sin  lit 
e  =  cos  (3/  i  sin  fit 

Substituting  Equations  (<■>>  and  ( 10)  into  Equat;,'u  (H)  gives 

i„  =  e"  a'(A,  cos  (it  +  /I,  sin  [It)  (II) 

Equation  (11)  is  the  case  of  the  transient  current  in  the  Kerr  resonant  circuit  in  which  R  <  2\0./C 
where  C  is  approximately  lCrVandT  isavariahlc  1 1  -henry  inductor.  This  case  is  called  the  underdamped 
case  and  occurs  when  the  resistance  in  the  circuit  is  small. 


(>>) 

(10) 


The  steady-state  solution  can  he  determined  front  Equation  ( 1 )  when  vx  =  sin  cor. 

The  impedance  concept  is  simplest  to  use  when  an  applied  voltage  is  sinusoidal.  The  impedance  of  a 
series  R-L-C  circuit  to  a  current  of  angular  frequency  w  is 

2  =  K+/w/, +— -=|Z|e/#I  <l2 

fuC 

where 


and 


0,  =  tan  1 


R 


(14) 


The  steady  state  current,  then,  is 


Ess  =  ~  sin  (cor  -0Z) 
/I 
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The  total  current  /'  is  the  sum  of  r„  in  Equation  i  1  5)  and  i._  in  Equation  (I !): 


i  =  I,,  + 


i  -  e  u,(/l  ]  cos  0t  +  A2  cos  0t)  +  —  sin  (c ot  -  0,) 

IZI 


(16) 

(17) 


To  solve  for  the  constant  A,  and  A2.  the  initial  conditions  of  the  circuit  in  Figure  23  must  be 
known.  In  the  Kerr  system.  /(0)  ./  and  <y(0)  =  0:  therefore,  from  Equation  (17)  at  /  ~  0, 


0  =  A, 


1 2.' I 


A  i  =  *  sin  0, 
1/1 


(18) 


Knowing  that  < /  =  (d//dr).  A2  can  be  solved  for  by  differentiating  Equation  (17)  and  letting  (dr'/dr) 
equal  zero  since 


di 

V(0)  =  T  <O>  =  0 

d  / 


or 


di  l'„ 

/.  —  -  —  sin  tor 

dt  1, 

and  at  /  =  0 


dt  V. 

-=  — sin0  =  0  (19) 

dr  /. 


Differentiating  Equation  ( 18)  gives: 

dt 

-  *  e  a,(  -A  i0  sin  0t  +  0A2  cos  0t) 

dt 

•~(/ti  eosfJr  +  ,42  sin(Sr)ac '  a' 

V. 

h —  to  cos  (tor  -  6,) 

IZI 

Substituting  Equation  (19)  into  Equation  (20)  at  r  =  0  gives 


0  =  (T1  j  —  o4 1  +  ~  to  cos  6Z 


\Z\ 


Replacing  A ,  with  Equation  ( 18)  in  Equation  (21)  gives 


V  V 

O  =  0A2  a  —  sin  0,  +  -—  <  cos  6, 
\Z\  \Z\ 

V. 

A  2  = - (a  sin  0,  -  to  cos  0.) 

PlZI 


(20) 


(21) 


(22) 


28 


Replacing  A,  and  Ai  in  Equation  (17)  with  their  equalities  gives  the  complete  equation  for  the  total 
current  m  iuc  cncuii  of  Figure  27’ 


(orsinflj  co  cost).) 
cos  dr  + - — - sin  (3f 

H 


+  sin  (<of 


(23) 


By  knowing  the  appropriate  values  of  the  components  in  the  R-L-C  circuit  of  Figure  23,  one  can 
determine  the  current  and  voltage  as  a  function  of  time  by  using  Equation  (23).  The  transient  current  will 
become  more  important  at  high  frequencies  when  the  circuit  in  Figure  23  is  pulsed  with  a  high  voltage 
spike. 


The  magnitude  of  the  steady-state  current  in  a  series  R-L-C  circuit  with  respect  to  frequency  is 


it  can  be  seen  that  I  iSJl  is  maximum  at  an  angular  frequency  where 


uRl. - --  =  0 


or 


In  terms  of  frequency, 


“R=v^C 


uR _ 1_ 

2tt  "  2n>/LC 


(24) 


(25) 


(26) 


In  Equation  (26),  fK  is  denoted  as  the  resonant  frequency.  The  maximum  value  of  |i,,|  can  he 
denoted  by  lm .  Then,  at  resonance. 


121 -I? 


(27) 


In  Figure  24,  typical  curves  for  normalized  curient  magnitude  are  plotted,  1  i„|//m  for  two  values  of 
R.  The  magnitude  of  the  steady-state  current  decreases  as  frequency  of  the  applied  voltage  deviates  from 
the  resonant  frequency,  but  the  rate  of  decrease  is  slower  for  a  circuit  with  a  higher  resistance. 

The  concept  of  continuous  driving  of  an  L-C  tuned  circuit  has  proven  to  be  a  useful  one  in  the 
experimental  work  to  date.  Voltages  in  excess  of  the  breakdown  voltage  of  the  inductors  have  been 
achieved  from  a  75-w  oscillator.  When  extensions  of  the  concept  arc  considered.it  becomes  apparent  that 
the  situation  does  not  deteriorate  until  frequencies  of  over  1  MHz  are  considered.  For  instance,  at  1  MHz,  a 
Q  of  approximately  100  can  be  obtained  with  relative  ease.  Also,  an  inductor  of  3  mH  will  resonate  with  a 
10-pF  capacitor,  leading  to  a  resistance  of  180  ohms.  For  a  10-w  oscillator,  the  current  will  be  3000  v.  Our 
cell  separation  is  3mm,  giving  10,000  v/cm  as  the  field  strength  across  the  cell.  The  pertinent  equations  are: 
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ul. 

f\  - _ 

“  R 
I 

=  2rr\/hC 

V=VR  +  VC  +  VL 


'(* 


V  =  I[R+juL  + 


y'wi,  i 


(28) 


At  frequencies  over  1  MHz,  the  power  requirements 
for  continuous  driving  become  too  stringent.  At  10 
MHz,  a  10-w  oscillator  driving  a  30-/J Hy  10-pF  tank 
circuit,  would  yield  only  3600  v/cm.  This  difficulty 
may  be  alleviated  by  using  a  triggered  thyratron  to 
increase  the  peak  power  into  the  circuit.  The 
would  be  triggered  to  put  its  power  into  the  circuit  in  a  very  short  time  (less  than  0.2  cycle),  but 
this  at  a  low  frequency.  If  the  thyratron  delivered  an  average  power  of  10  w  but  did  this  in  equal 
100  pulscs/sec)  which  were  0.!  cycle  wide  at  10  MHz,  the  peak  power  into  the  circuit  would  be 


I'KiUKI'.  24.  RliSONANCt:  CURRENT  CURVES 

for  a  serifs  r-l-c  circuit 


thyratron 
would  do 
pulses  (at 
I07  w. 


The  peak  power  during  the  pulse  may  be  cut  down  by  increasing  the  repetition  rate  so  that  the 
power/pulse  goes  down.  This  can  be  done,  if  necessary,  to  avoid  breakdown  from  very  high  peak  voltages. 
The  mathematical  analysis  of  the  signal  waveform  resulting  from  a  pulsed  system  like  this  becomes  very 
complicated. 
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APPENDIX  IV 


DERIVATION  OF  THE  MIXTURE  EQUATIONS 


The  basis  of  the  analysis  is  that  the  separate  components  of  the  mixture  do  not  interact  significantly 
with  each  other.  That  is,  each  component  is  assumed  to  move  independently  of  the  others.  This  is  a  reason¬ 
able  assumption  for  materials  which  do  not  form  intermolecular  hydrogen  bonds,  charge  transfer  complexes, 
etc. 


Under  this  assumption,  we  may  write* 

An(oj)  =  c/Ari[(u>) 


(1) 


where  Am(oj)  is  the  total  Kerr  constant  (written  as  the  difference  in  indices  of  refraction),  ct  is  the  concen¬ 
tration  of  the  »'th  component,  and  An^u)  is  the  Kerr  constant  of  the  ith  component. 


At  u  =  0,  Equation  (I)  becomes 


A/i(0)  =  Xc,Ari/{0) 
/ 


where 


Ati/M  =  Ant(0)f,(u) 


(2) 


(3) 


Equation  (3)  is  from  Benoit’s  paper,  with  ft(u)  being  given  for  molecules  with  a  permanent  electric  dipole 
moment  as 


We  can  then  form 


I  cos  (2 ut  —  8,) 

^  ^  2(1  +  9w2r2/4)  2\/l  +  cj2r2\/l  +  9u>2t?/4 

i  5w  Tl 

6, -tan-1 -—--Vs 

2  -  3w  rj 


'LclAn(0)fl(oj) 
An{  w)  i 

An(Q)  ~"X  cfAn/(0) 


(4) 


(5) 


which  will  give  the  normalised  Kerr  constant  as  a  function  of  frequency.  If  we  use  the  trigonometric  identity 
cos  (x  -  y)  -  cos  x  cos  y  +  sin  *  sin  y  in  Equation  (4)  and  insert  Equation  (4)  in  Equation  (5),  we  get 


An(u) 

An(0)' 


I"  1  cos  Sj  cos  2 cot 

T  /Art'(0)|_2(l  +  9wlr?/4)  +  2y/l  +  wsr?  y/l  +9u2tJ/A 

}/l  cA"f.O) 


sin  6/  sin  2c ot 


2s/ 1  +  wJr?  \/l  +  9w2  r2/4 
If  Equation  (6)  is  put  into  the  form: 


(6) 


*ln  terms  of  the  Kerr  constant  of  Appendix  I,  /(u>)  =  ( An(uj)/Ai''2  | . 
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Selecting  the  2co  component,  the  expression  is 

/2uJ  =/u  sin r/i')y,(/i')cos(2ojr  -  S) 

The  derivative  of  Equation  ( 16)  is  given  by: 


dl/jul  l0  f  ,  .  „i.  d4  ,  i  , 

— - B  —  <  cos  ( A  )J |  (fi)—  +  [sin  {A  )Ja(B  ) 

dco  2  dco 


•  sin  A‘J\(B‘MB'\ 


(i«) 


(17) 


where 


dco 


9rrSiAn(0) 

"£c,Afl,(0)wr? 

i 

4X 

^1  +  9co272/4)2 

c',A«K0) 

,  _  ^ _ C/Ah^O)  cos  6, 

Y  v/i  +  oyrj  v/l  +  9co47?/4 


d/L=  _  c,An,{  0) 

dco  \  \/l  +  oo2  t]  n/ 1  +  9w3t?/4 


?m{” 


sin  6*(co) 


d6*(co) 

dco 


-  cos  fi/(w) 


9«T(  C072 


4(1  +  9co272/4)  (1  +  co474) 
t’iAri/(0)  sin  5( 


dA  _  _ 


^  ^  %/ 1  +  co4 r2  >/l"+  9co2  7/  /4 

CjAn^O)  _  f 

MM  U 


c/co  J  Vi  +  LJ2  7/  VT+  9w 


d6,(co) 

cos  5;(w) - sin  S/(to) 

dco 


9c07f  _ C072 

|_  4(1  +  9co2 7/  /4)  (1  +  co272) 


and 


d6, 

dco 


1  107(+15C0273 

5c07;  \2  (2  3cOJ7()2 

1  +  2~3co2r?  j 


(18) 


* 
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APPFMniX  J 


COMPUTER  PROGRAM  FOR  NUMERICAL  EVALUATION 
OF  MIXTURE  EuUAl  IONS 


PROGPAM  MA  J  N  (  INPUT  .OUTPUT  .TApEftO*  INPUT  ) 

0!  MENS  I  ON  OUUW<600>  .PHASE (600)  .INTENS (600 1  iFREO ( 600  >  »C 1 1 0 ) » TAU ( 1 0 ( 
DIMENSION  AMP(hOO) 

COMMON  AMP, PHASE.  INTENS, F  REQ  »C.  T  AU » DBI1I* 

PEAL  INTENS 
1001  CONTINUE 
PRINT  99 
99  FORMA  1  ( 1  HI ) 

PC  AO  100-N. <TAU( I) . 1*1 ,N> 

PRINT  200. N. ( 1 AUI 1) , Ill .N) 

200  FOPMAT  ( lX.22HNUMHr.P  OK  CONST  I TUENTS . 1 3  * 24HREL AX AT  ION  TIMES  CSEC-1 
9) .10F7.G) 

PEAO  101.  <C(l),I=l.N) 

PRINT  201.(C(I).I=1.N) 

201  FORMAT (5X. 14HCUNCENTRAT IONS, l OF  7.6) 

100  FOPMAT  (2X, 12. 10F7.5) 

PEAO  101 .WMIN. UMAX 
PRINT  1 1 1 .WMIN.WMAX 

111  FOPMAT  <5X  .24HFREOIJKNCY  RANGE  IS  FROM  t  F  7 .  (I*  2HT0  •  F  7 .0 ) 

101  FORMAT (1  OF  7.0) 

RM~N 

DEL  =  <WMAX-WMlNI/(6ll,*HM) 

W  =  WMlN 
1  =  1 

1  CALL  EOUA  T ( 1 «N, R  > 

FREU(I)  =  14161 

W  ■  W«DEL 

I  =  1*1 
NN  =  I 

IF  (W  ,LE.  WMAX)  GO  10  1 
NN  =  NN-I 

C  PRINT  102.  I  I.AMP<  I)  .PHASE  (!)  ,  INTENSt  I>  «FRF.0<  I)  .1*1  *NN> 

C  102  FORMAT(?X.I2.AE20.5) 

CALL  KERRPL (NN. U . | ) 

READ  101. CASPER 
IF  (EOF. 60)  1000,1001 
1000  CONTINUE 
STOP 
FNO 

SUBROUTINE  EOUAI (LL.N.W) 

DIMENSION  DbOw  (600)  .PHASE  1600)  .INTENS  (600)  ,f REQ(600>  »C(  10)  ,TAU(10) 
DIMENSION  AMP (600) 

COMMON  AMP, PHASE. INTENS. FREQ, c, IAU.OHDW 

PFAL  INTENS 

IF  ILL  .NE.  1)  GO  TO  1 

SCORE  =  0. 

DO  2  I  =  1  •  N 

2  SCORE  =  SCORE  »  C  (  I ) 

1  CONTINUE 

A  =  0. 

DACW  =  [I. 

ST  =  0. 

CT  *  0. 

CTP  =  (). 

STP  *0. 

no  u  i  =  i.n 

X  =  S.*W*tAU(I>/'(2.-:».*W*W,»TAU(I)*TAU<n) 

DEL  =  ATAN(X) 

1E  (DEL  .LT.  0.0)  DEL  =  0EL*3.141S9 
y  =  1»W*W«1AU(1)»IAU(1) 

7  =  I  »  9.»w*W*T AU  <  I  )  **T  AU  <  I )  24. 

nnELOUl*  I  i  10.*TAU(  1 )  *15.*W*W*TAU<  I)**31X  <2.-3. 

9  «W*W»TAU(I>*TAUll)  )***2  >/<l*X#X) 

CTP=CTP* (C( I )/SQRT (»*Z) ) * ( -SIN (DEL) *DOELDW-COS ( DEL ) * ( 9 .*W 


9  «TAU(!I»TAU(  I  l/<4.*Z)  ♦  W»TAU«I)*TAll(l)/Y>  * 

STP»STP.(C<1  (/SORT <Y*Z)>«  (COS  (OEL. )  *DOELDW-S  IN  (DEL  >  *  ( 9.»N»T  AU  ( I  ( * 

9  T  At  JIT  I  /  (A,»Z)  *«*TAUU  !  *T  AC  ( I )  /Y )  ) 

DAOW  -OAOW  “C ( I ) *9. »W* <TAU(I)**2)/( (2.*2)**2) 

A  a  A*C  < I >/(2.*2) 

CT  *  CT«C(I>*COS<DEL>/<2.*SORT<Y*Z> > 

11  ST  «  STtC(I)#SIN(0EO/(2.*5QRT(Y*Z>> 

A* A/SCORE 
OADWaDADtf /SCORE 

C  PRINT  lOO.LL.X.DEl.YiZ.CT.ST. SCORE .M 

R  «  SORT  <CT*CT»ST*ST)/ SCORE 
r)BOW(LL>« <CT*CTP*ST*STP)/(SCORE*SCORE*8) 

PHASE ( LL )  *  ATAN (ST /CT ) 

if (Phase < ll )  .lt.  o.>phase(ll)"PhasE(lu o.iaisr 

A  *  3a 14159* .001*4 
H  =  3. 14)59*. 001*H 
AMP (LL ) *B 

IN  TENS  (LL  >  *S IN ( A )  *i  :SS1(B)*B 

OBDWILLla ( <COS(A)»BESSl (B) *B>  *DADW  *  SIN  i  A ) • (BESSO (B) -BESS  1 ( 8 ) ) * 

9  DBDWILU)*. 001*3. 14159 
C  PRINT  lOO.LL.Aifci.PHASE <LL> .Xi INTENS(LL) 

100  F0RMAT(2X»I3»8£14,5) 

RETURN 

END 

FUNCTION  BESSO ( 2 ) 

DIMENSION  X(22),Y<22> 

Y  (  1  ►  =  1  - 

Y (2 ) =.9975 
Y (3 ) ■ , 99 
Y (4 1 ■ .9776 
Y (5 ) * .9604 
Y <6 ) *.9385 
Y(7I«.9120 
Y(8)«,8B12 
Y(9)a.B463 
Y ( 1 0  J  » . 8075 
Y ( 1 1 ) *, 7652 
YI12I-.7196 
Y(13)a.671 1 
Y<14)».iS201 
Y(15)a.56b9 

Y  ( 16)  =  .  E1 1  8 
7(]7i  *  .4554 
Y ( 1 8 ) ■ , 3980 
Y ( 1 9 ) a , 3400 
Y ( 20 ) a . 28 1 8 
Y (21  )*,2239 
Y ( 22 ) « . 1666 
X(l)  a  0. 

X (2)  a  0,1 
X ( 3 )  a  0.2 
X  (4 )  a  0.3 
X (51  a  0.4 
X (6)  »  0.5 
X ( 7 )  a  0.6 
X (8)  a  0.7 
X (9)  a  0.8 
X  (  1 0 ) «  .9 
l((ll)«I.il 
X ( 12 ) *  1 .  1 
X(13)*i,2 
XC14)*1,3 
X(15)*l,4 
X(16)*1,5 
X  ( 1 7 )  * 1  .  6 
X  ( 18 ) a) . 7 

X<19»al,8 
X  ( 20  )  *1 . 9 
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xtense.o 

X<22>*2.1 

IL*1 

00  1  [*1*21 
IF(XU)  .LI.  2) IL*I 
1  CONTINUE 

BESSO  *Yi IL »  * (YUL*1)-Y<IL) >*(Z-X( IL )  >  /  ( X  UL+ 1 ) -X  (IL  > > 

RETURN 

END 

FUNCTION  BE SSI  (2) 

DIMENSION  X ( 22) *Y(22I 
IF ( 2  .EQ.  0. ) GO  TO  10 
GO  TO  11 

10  BESS]  *  .5 
GO  TO  12 

11  CONTINUE 

Y  <  1 )  *  0. 

Y(2)  *  .005 
Y (3)  *  .0198 
Y 14)  *  .0430 
Y (5)  *  .0763 
Y16)  *  .1166 

Y  (7)  *  .1619 

Y  <B)  *  .2119 
Y19)  =  .2646 
v ( 1 0 )  =  .3179 
Y(ll)  -  .3703 
Y 1 12)  «  .4197 

Y  C 1 3 )  *  .4644 
Y 1 14 )  »  .5030 
YUS)  ■  .5340 

Y  ( 1 6 )  ■*  .5538 
Y 1 1 7 )  ■  .5663 
Y ( 18 )  *  .5697 
Y ( 1 9 )  ■  .5730 
Y (20 )  »  .5663 
Y (21 )  *  .5500 
Y (22 1  *  .5244 
X(l)  =  0.0 

X (2)  *  .1 
X  f  3)  *  .2 
X (4)  *  .3 
X  (5)  *  .4 
X (6)  *  .5 
X ( 7 )  *  .6 
X(8)  *  .7 
X (9)  =  .8 
X(10)  *  .9 
Xlll)  *  1.0 
X ( 12)  *  1.1 
1113)  =  1.2 
X ( 14)  *  1.3 
XUS)  *  1.4 
X  O  6 )  *  1.5 
X (17)  =  1.57 
X ( 18 )  *  1.6 
X ( 19 )  «  1.7 
X (20)  *  1.8 
X  <  2 1 )  *  1.9 
X (22)  *  2.0 
IL  *  1 
00  1  1*1.21 
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n  n 


i"  i  a  i  I »  •  l  T  •  i'/iL  *  l 
I  CONTINUE 

UESSl*Y(IL>MYtlL*l)-Y(IL>)«MZ-XlIL)>/(X(IL*l)-X(Il»> 

HFSSI*HFSSI/7 

12  continue 
return 

END 

SUBROUTINE  KERRPL ( IMAX.KK.NN) 

IMAX  IS  NO.  OF  INPUT  POINTS. KK*0  PRINTS  VARIABLES* IMAX/NN  IS  NO.  OF  POINT 
S  PLOTTED. 

DIMENSION  DBDW(600) .PHASE (600) .INTENSI6001 , FREQ (600) .C(10).TAU< 10) 
DIMENSION  AMP (6001 

COMMON  AMP* PHASE .INTENS. FREQ. C.TAU.0BDK 
DIMENSION  LINE ( 1  IS) 

OATA (BLANK* 1H  ) <  <DOT*)H.)  * ( ST AR*1H* ) * ( XPT»1HX ) • (YPT«lH->  * (ZPT*1H0) 

REAL  INTENS 

INTEGER  BLANK*00T.STAR.XPT*YPT.ZPT 
IF  UMAX)  2*1.2 

1  IMAX  *  SO 

2  CONTINUE 

IF  (KK)  10.11*10 
11  PRINT  100 

100  FORMAT! 1H1 .20X.9HAMPL 1 TUOE. 1 IX. 10HDERI VATlVE . 10X.5HPHASE . 15X. 

9  9H1NTFNSITY. 11 X . 9HFREQUENCY > 

PRINT  101.(1. AMP(I) *  DBDW ( I ) .PHASE (II.INTENSII) .FREQ (  I) *1*1*1  MAX* 

9  NN) 

101  FORMAT ( lH  *SX . IS ,5E20 . S ) 

10  PHM AX  *  ABS  ( PHASE ( 1 ) ) 

AMPMAX  *  ABS ( AMP  ( 1 ) ) 

RNTMAX  *  ABS 1 INTENS ( 1 ) ) 

DB0MAX»ABS(DBDW<1) ) 

DO  3  1*2. IMAX 

IF (OBOMAX  .LT.  ABS (DHOW (Ill) OBDMAX*ABS (DBDN  <1)1 
I F  ( AMPMAX  .LT.  ABSIAMPin  1)  AMPMAX  ■  ABS(AMPU)) 

IF  (PHMAX  .LT.  ABS (PHASE  Cl)) 1PHMAX  ■  ABS (PHASE ( I > ) 

IF  (RNTMAX  .LT.  ABS ( INTENS ( I ) I ) RNTMAX  »  ABS ( INTENS (I > > 

3  CONTINUE 
PRINT  107 

107  FORMAT ( 1H1 *  L IX. I 7HMAX IMUM  AMPL I TUOE  *  3X . 1 8HMAX I MUM  DERIVATIVE. 

9  2Xv 13HMAXIMUM  PHASE . 7X . 1 7HMAX IMUM  INTENSITY) 

PRINT  1 02. AMPMAX iDBDM AX. PHMAX. RNTMAX 

102  FORMAT (11X.AE20.6) 

DO  7  J*1,11S 

7  LINE(J)  *  DOT 
PRINT  103. LINE 

103  FORMAT(IH0.115A11 
DO  20  J>liU5 

20  I  INE(J)  *  BLANK 

DO  6  I  *  1 . IMAX.NN 

I.  INE(56>  *  OOT 

K  »  55.*55.*AMP( It/AMPMAX 

L  =  55. ♦SS.*PHASE ( I ) /PHMAX 

M  *  5S.*S5.*INTENS(I)/RNTMAX 

N=55.«55.*0B0W( I ) /OBOMAX 

K  =  K  *  1 

L=L*  1 

M*M+  1 

N*N*  1 

LINE(K)  *  STAR 
LINE(L)  *  XPT 
LINE  (M)  =  YPT 
LINE(N)*ZPT 


^RINIJOS.LINE.I 
IC'  "OSnAT i  1 i ism  •  i**i 
UNE(K)  a  BLANK 
L INE(U  *  BLANK 

i iNf in) *blank 

ft  LINE(M)  s  BLANK 
PRINT  106 

1069VATIVET«?0)t,61HLEGtND#**AMPl'IIUD£  *  *,PHASt'  ■  X  *  INTENSITY  *  -.DERI 

RETURN 

END 

OOOO 000 000000000000000 

1  .001 

1. 

13000. 

1.0003 

1. 

13000. 

1  .0001 

1. 

13000. 

2  .001  .0001 

•  5  .5 

13000. 

?  .001  .0001 

.  2  .8 

13000. 

2  .001  .0001 

•  8  .2 

1  3000 . 

3  .001  .0003  .0001 

.333  .333  .333 

13000. 

3  .001  .0003  .0001 

•  2  .2  .6 

13000. 

3  .001  .0003  .0001 

•ft  .2  .2 

13000. 

3  .001  .0003  ,0001 

.2  ,6  ,2 

1 3000. 

2  .00055  .00093 

1  • 

0.  18000. 

2  .00055  ,00093 
1  . 

0.  18000. 

2  .00055  .00093 

.5  .5 

0.  18000. 
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APPENDIX  VI 


DIFFERENTIAL  KERR  SPECTROMETER 


One  disadvantage  to  measuring  the  Kert  effect  directly  is  that  the  measuring  equipment  must  have 
response  at  the  frequency  of  the  applied  electric  Held.  At  frequencies  above  100  kHz.  such  equipment 
becomes  more  specialized  and  more  difficult  to  obtain.  Outlined  herein  is  a  scheme  which  reduces  the 
electronics  requirement  to  measurements  at  a  constant  audiofrequency,  but  which  measures  the  Kerr 
response  curve  as  a  function  of  the  frequency  of  the  applied  field. 

Recalling  the  typical  Kerr  response  curve  (Fig.  25a).  it  is  of  interest  to  show  the  function  d  I  B  |/< // 
(Fig.  25b).  This  function  peaks  at  the  critical  frequency  and  has  a  half  width  which  is  directly  related  to  the 
breadth  in  frequency  of  the  dispersion  part  of  the  Kerr  response  curve  The  peak  amplitude  of  the  d  I  B  \/JJ' 


FIGURE  25.  KERR  RESPONSE  curve  and  its  derivative 
WITH  RESPECT  TO  FREQUENCY 


curve  is  related  through  experimental  constants  to  the  amplitude  of  the  1  B  \  curve.  The  area  under  the 
d  1  B  Mdf  curve  is  a  direct  measure  of  the  amount  of  decrease  in  the  |  Z#  1  curve.  That  is,  an  integral  of  the 
d  |  H  \/df  curve  with  frequency  reproduces  the  |  B  |  curve  when  the  integration  is  begun  at  high  ftcquencics. 

The  principal  advantage  to  using  a  device  measuring  d  I  B  |/<(/is  the  simplification  of  the  experimental 
arrangement.  The  device  could  be  made  as  shown  in  Figuie  2h. 

The  feedback  is  used  to  drive  tire  power  amplifier  at  the  frequency  to  which  the  LC  circuit  is  tuned. 
That  is,  the  system  is  a  self-oscillating  one.  The  capacitor  C\  represents  the  Kerr  cell  itself,  while  C2  is  a 


Wide  band 
pov'er  amplifier 


c2 


FIGURE  26.  BLOCK  DIAGRAM  OF  DIFFERENTIAL  KERR  SPECTROMETER 

time-varying  capacitor.  The  capacitor  C2  may  he  a  motoi  driven  rotating  capacitor,  or  it  may  be  parallel 
plates  mounted  on  a  tuning  fork.  The  analysis  of  the  circuit  given  below  is  based  upon  a  tuning  fork 
capacitor.  The  basic  equation  is: 
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and  here 


/= 


err  v/-l 


Ml 


C=Ci  +Ci 


(2) 


Based  on  (wo  parallel  plates  set  a  distance  da  apart  at  equilibrium  and  having  an  amplitude  of 
vibration  dt ,  Ci  becomes 


C3  = 


k 

d0  +  sin  to/ 


(3) 


Substituting  for  fin  Equation  (1 ),  we  get 

/=  — 


Me,  +- 


du  +  d |  sin  ut , 

lixpanding/in  a  Taylor's  series  as  a  function  of  sin  to/,  substituting 

1 


So  »  ■ 


V 

uo 


(4) 


and 


we  get 


C'°=T 

uo 


fmfo  -So : 


(-•. 2 


sin  cj/  + . 


2  (C,  +C2il)J0 

All  factors  in  the  second  term  arc  less  than  one  and  indeed  should  be  arranged  so  that 


2(C,  +  C,  W«. 


—  ~  0. 1 


(5) 


so  that  the  expansion  is  a  valid  one.  It  shows  that  the  experimental  arrangement  diagrammed  above  will 
have  a  lime-varying  frequency  centered  around  the  central  frequency 

The  effect  of  using  this  arrangement  would  be  to  produce  a  signal  at  the  detector  which  is  propor¬ 
tional  to  the  rate  of  change  of  the  Kerr  constant  over  the  frequency  range  scanned.  That  is,  a  signal  will  be 
produced  at  the  modulation  frequency  (fiequcncy  of  the  tuning  fork)  which  will  be  greater  at  one  end  of 
the  modulation  cycle  than  at  (he  other.  The  magnitude  of  this  difference  is  proportional  to  the  slope  of  the 
Kerr  response  curve  at  that  frequency. 

Derivative  measurements  have  been  used  in  magnetic  resonance  experiments  for  some  time,  and  have 
proven  useful  in  that  greater  resolution  is  possible  than  when  straight  absorption  measurements  are  made. 
The  primary  reason  for  utilizing  this  scheme  is  to  eliminate  the  need  for  phase  detection  at  the  rf 
frequencies.  The  equipment  requirements  are  reduced  to  a  low  frequency  phase  detector  and  a  wideband 
power  amplifier.  The  simplification  makes  possible  measurements  that  would  otherwise  requite  much  time 
and  effort  in  construction  of  suitable  equipment. 
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APPENDIX  VII 


STUDY  Or  THE  RELAXATION  TIME  Or  THE  KERR  EFFECT 
BY  ALTERNATING  CURRENT* 

by  H.  Benoit 


SUMMARY 

We  have  realized  an  apparatus  permitting  the  measurement  with  alternating  current  of  the  instan¬ 
taneous  value  of  the  birefringence  in  its  phase  shift  with  respect  to  the  applied  voltage. 

With  this  apparatus,  we  have  studied  a  solution  of  tobacco  mosaic  virus  for  the  frequencies  between 
25  and  20.000  cps.  This  has  permitted  us  to  give,  for  the  fust  time,  a  verification  of  the  theories  of  the 
birefringence  in  alternating  current.  We  have  thus  measured  the  mechanism  of  orientation  and  measured  the 
rotational  diffusion  constant  of  the  virus  particles.  The  value  found  is  in  good  accord  with  the  values 
determined  by  other  methods. 

Introduction 

Numerous  authors^  *  have  studied  the  electric  birefringence  of  colloidal  suspensions,  with  alter¬ 
nating  current  but  the  results  obtained  seem  rather  contradictory.  It  is,  thus,  that  one  often  talks  of 
anomalous  birefringence.  We  have  therefore  proposed  to  study  this  phenomenon  in  a  systematic  fashion  to 
determine  the  laws  that  permit  a  final  account. 

Before  describing  the  apparatus  that  we  have  used  in  the  measurement  that  we  have  effected,  we  will 
review  briefly  the  theoretical  results  that  give,  in  this  case,  the  application  of  classical  laws  of  Brownian 
diffusion.  This  theory,  developed  by  Tummcrs(4)  and  GuttonW,  is  found  exposed  in  a  memoir  of  Petcrlin 
and  Stuart(6),  and  it  is  under  the  form  that  these  last  have  given  it  that  wc  are  reviewing  the  broad  outlines. 

Theory  of  the  Electric  Birefringence  in  Alternating  Fields 

Let  us  consider  a  medium  made  up  of  particles  forced  by  an  electric  field.  One  knows  that  the 
function  of  the  distribution  /  of  the  orientations  of  the  molecules  at  time  t  is  a  solution  of  the  differential 
equation  which  expresses  the  general  laws  of  Brownian  movement 

,  i  i  ar 

yV  +  —  div/gradw  = -  (1) 

kT  D  fit 

In  this  expression,  K  is  the  Boltzmann  constant,  r  the  absolute  temperature,  w  the  energy  of  the 
particles  at  a  given  instant,  and  D  their  rotational  diffusion  constant,  a  function  of  their  volume,  of  their 
elongment  and  of  the  viscosity  of  the  medium. 

In  order  to  determine /and,  thus,  the  birefringence  of  the  medium  at  a  time,  f,  it  is  necessary  to  carry 
in  this  equation  the  value  of  w  corresponding  to  the  mechanism  of  orientation  adopted,  then  to  integrate 
while  taking  account  of  the  conditions  of  the  problem. 

Now,  when  one  knows  the  molecular  theory  of  the  Kerr  effect,  one  sees  in  general  two  mechanisms 
for  the  orientation  of  a  molecule: 

(1)  Orientation  by  action  of  a  field  on  a  permanent  electric  moment  carried  by  the  molecule. 

(2)  Orientation  due  tc  the  electric  anisotropy  of  the  molecule. 

'Translated  from  the  French  try  R.  L  Linder. 
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These  two  modernisms  coexist  in  general  but.  as  the  term  duo  to  the  permanent  moment  is  large 
compared  to  that  of  the  anisotropy,  one  can  separate  the  two  cases. 


For  example,  if  we  suppose  that  the  electric  field  applied  to  a  solution  is  of  the  form:  E  =  v2  cos 
tor,  where  to  =  2vN.  N  being  the  frequency  of  the  alternating  field,  and  we  call  Aw„  the  difference  between 
•  he  indices  of  the  medium  in  the  direction  of  the  applied  fieid  and  in  the  direction  perpendicular,  when  it  is 
subjected  to  a  constant  field  /:'ef . 

in  carrying  successively  in  Equation  (I)  the  values  of  w  corresponding  to  the  two  mechanisms  of 
orientation  envisaged,  one  can  integrate  the  differential  equation  and  one  finds  for  the  birefringence  Aw  at 
time  r  the  following  expression: 


(I)  If  the  orientation  is  due  to  a  permanent  moment  carried  by  the  molecules: 

I  cos(2w/  fi2) 


An  =  An,, 


9 
+  — 
4 


+ 


2  -A 


s/H  to2r2 


I  +-o)2r1 
4 


where  r  =  \H.W)  and  where  5j  is  defined  by  the  relation: 


tan  82 


5tc/ 

2  —  .1WV 


(2) 


If  the  orientation  is  uniquely  provided  by  an  induced  moment,  one  obtains: 


Aw  =  Aw,.  I  4- 


■[' 


cos  ( 2c or  5 , )  ■ 

%/ 1  +  C0J  TJ  . 


6 1  being  defined  by  the  relation:  tan  5 ,  =  o or. 

One  secs  that,  in  these  two  cases,  the  birefringence  oscillates  between  the  two  extreme  values  that  are 
functions  of  the  frequency  of  the  applied  field  and  which  coincide  when  this  frequency  is  indefinitely 
increased.  In  the  first  case,  the  birefringence  tends  toward  zero,  while,  in  the  second,  it  tends  toward  the 
median  value  An,,.  Figures  I  and  2  represent  graphically  as  a  function  of  log  wt  the  extreme  values  of 
An/ An,,  also  the  value  of  b.  Figure  I  in  the  case  of  orientation  dipole  moment.  Figure  2  in  the  case  of 
orientation  of  an  induced  moment. 

One  sees  that  the  aspect  of  the  curves  is  entirely  different  and  that  their  experimental  determination 
permits  the  determination  of  r.  as  well  as  the  rotational  diffusion  constant  of  the  substance  studied. 

I.  Exoerlmental  Apparatus 

In  order  to  determine  if  the  theory  that  we  have  enunciated  applies  to  the  problem  that  we  have 
posed,  it  is  necessary  to  measure,  as  a  function  of  frequency,  the  maximum  birefringence,  the  minimum 
birefringence,  as  well  as  the  phase  shift.  We  have  therefore  realized  an  apparatus  permitting  the  determina¬ 
tion  T  these  quantities  and  of  which  the  schematic  diagram  is  represented  in  Figure  2. 

A  luminous  source  (an  incandescent  lamp)  sends  a  narrow  parallel  beam  to  traverse  a  Kerr  cell  placed 
between  two  crossed  Nichols.  A  signal  generator  furnishes  the  sinusoidal  voltage  which  one  can  vary  the 
frequency.  It  is  followed  by  ati  amplifier  the  output  of  which  is  relayed  directly  to  the  terminals  of  the 
sample  cell  and  to  the  horizontal  deflection  plates  of  an  oscilloscope.  A  photomultiplier  p  is  placed  behind 
the  analyzer,  it  is  followed  by  a  large  band  pass  amplifier  from  20  cycles  to  6  megacycles  without  phase 
distortion:  the  output  of  this  amplifier  is  relayed  to  the  vertical  plates  of  the  oscilloscope.  The  tube  that  we 
have  used  is  a  deep  tube  with  a  blue  spot:  it  functions  with  a  post -acceleration  voltage  of  3000  volts,  which 
pcimits  us  to  photograph  the  oscillograms  easily. 
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I-'iguro  I.  Orientation  by  a  permanent  moment. 

Plane  curve:  maximum  birefringence,  minimum  uml  median. 
Dotted  curve:  dephasing  between  the  birefringence  and  the  applied  Held. 
The  abscissa:  the  frequency  of  the  applied  field. 


An 


f  igure  2.  Orientation  by  induced  moment. 

Plain  curve:  maximum  birefringence,  minimum  and  median. 
Dotted  curve:  dephasing  between  the  birefringence  and  the  applied  field. 
The  abscissa:  frequency  of  the  applied  field. 
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I'igurc  3.  Schematic  diagram  of  the  principal 
parts  of  the  apparatus. 


Figure  4.  Oscillogram  obtained  while  observing 
nitrobenzene:  frequency  10,000  cycles,  the 
applied  voltage  500  volts  effective. 


Under  those  conditions,  one  obtains  on  the  screen  of  the  oscilloscope  a  curve  analogous  to  the 

I. issajous  curve  of  order  2,  because  the  light  is  modulated  at  a  frequency  double  the  frequency  of  the 
exciting  voltage.  In  order  to  deduce  from  the  curves  the  value  of  birefringence  An,  it  is  necessary  to  know 
l lie  origin.  Thai  is  to  say.  the  ordinate  on  the  oscilloscope  screen  of  the  trace  corresponding  to  An  -  0.  For 
this,  we  have  utilized  the  following  artifice.  A  turning  disc  is  placed  in  the  path  of  the  luminous  beam  and 
interrupts  the  luminous  beam  at  mound  100  times  a  second.  Under  these  conditions,  at  the  moment  when 
tlie  beam  is  interrupted,  the  spot  describes  a  horizontal  line  which  coincides  with  the  line  An  =  0,  if  one 
neglects  completely  the  luminescent  parasite  due  to  the  fact  that  the  extinction  between  the  crossed 
Nichols  is  not  total. 

Figure  4  shows,  for  example,  the  oscillogram  obtained  in  these  conditions  with  nitrobenzene.  The 
applied  field  has  a  value  of  the  order  of  1 500  volts  per  centimeter  and  a  frequency  of  10,000  cps.  One  sees 
that  the  birefringence  is  annulled  at  the  same  time  as  the  voltage,  which  corresponds  very  well  to  theoretical 
results  in  the  case  where  the  frequency  of  the  electric  field  is  very  small  compared  to  the  rotational 
diffusion  constant  of  the  substance  studies,  a  constant  that  is  of  the  order  of  10v  sec.t^ 

II.  Measurements 


Wc  have  utilized  as  a  model  a  suspension  of  tobacco  mosaic  virus  in  distilled  water.  One  knows,  on 
one  hand,  that  these  solutions  present  a  considerable  Kerr  effect,  and  that,  on  the  other  hand,  one  can 
measure  the  dimensions  of  the  particles  in  an  electronic  microscope  that  permits  the  verification  of  the 
experimental  results.  It  is  thus  that  one  has  utilized  these  solutions  to  verify  the  theories  of  emission 
birefringence^)  of  the  diffusion  of  light!  10,11)  utid  of  the  Kerr  effect  with  rectangular  voltage 
impulses.!  *2)  All  these  experiments  show  that  the  behavior  of  these  solutions  is  absolutely  normal  at  weak 
concentrations;  we  have,  therefore,  been  content  to  study  two  solutions  respectively  at  10  and  5  mg  per 
100  ec.  The  results  obtained  being,  within  the  error  of  experiment,  identical,  and  we  contented  ourselves  to 
reproduce  here  those  which  arc  relative  to  the  first  series  of  experiments.  We  have  made  the  frequency  of 
the  alternating  field  applied  to  lire  cell  vary  between  20  cycles  and  20,000  cycles  per  second  and  Figures  5, 
o.  and  7  show  tiie  oscillograms  obtained  for  N  -  50.  N  -  200,  /V  =  20,000.  One  sees  immediately,  in  a 


Figure  5.  Birefringence  of  a  solution  of  tobacco 
mosaic  virus.  It)  mg  in  100  cc.  N  =  50. 
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I'igurc  6.  Birefringence  of  the  same 
solution  for  N  -  200. 


( 


Figure  7.  Birefringence  of  the  same 
solution  for  N  =  2(1,000. 
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qualitative  tasimai.  titui  me  pilose  stun  net  ween 
the  applied  voltage  and  the  observed  hirelrin- 
genee  takes  considerable  values  and  that  when 
llie  frequency  increases  the  birefringence 
remains  constant  and  different  from  0.  This  led 
ns  lo  (lie  conclusion  (hat  the  orientation  couple 
is  of  the  type  by  induced  moment  and  not  by 
permanent  moment  which  verifies  tnc  result 
that  wc  have  obtained  in  studying  the  Kerr 
effect  of  these  solutions  hy  anothei 
method/ 1  2) 

In  order  to  verify  the  theory  in  a  more 
quantitative  fashion,  it  was  necessary  for  us  to 
trace  for  a  constant  value  of  f  the  curves  An 
max.  Am  min,  and  6  as  a  function  of  the  fre¬ 
quency.  For  this,  we  measured  on  a  large  plate 
the  known  relationship  between  the  three  qitun- 
titics  I’,  V’i.  T.i  corresponding  to  the 
ordnance  of  the  highest  point,  the  lowest  point, 
and  the  point  of  imeiscction  of  the  two  parts 
of  the  Lissajous  curve  (Fig.  N).  On  the  other 
hand,  one  can  measure  while  making  the  turn¬ 
ing  disc  turn  in  the  absence  of  an  electric  field 
the  vertical  displayment  Y„  due  to  the  passage 
of  the  luminous  parasite  when  the  Nichols  are 
crossed.  As  the  birefringences  are  weak,  one  can 
assume*1’*  that  the  birefringence  at  time  /  is 
proportional  to  the  quantity  (v  _)»„)' 12 ■ 


But,  in  order  to  trace  the  curves  corresponding  to  Figures  1  and  2,  it  is  necessary  to  return  for  all 
frequencies  to  a  constant  value  of  the  applied  electric  field.  We  assume,  therefore,  that  which  is  experi¬ 
mentally  verified,  that  the  birefringence  is  proportional  to  the  field  strength  and  in  calling  A"  the  length  of 
the  horizontal  trace,  we  can  write  that  the  specific  birefringence  is  given  by  the  formulas: 

,.V5;r  Yo 

Am  mux  =  K - : — 

,V3 


Am  min  =  K  — — r 
X2 


where  K  is  an  arbitrary  constant  dependent  on  the  calibration  of  the  apparatus.  Finally,  we  obtain  the  value 
of  the  phase  shift  by  the  relation 


cos  6  = 


v£i  y0  +  V>'  2  y0  -  2v^7 


V>h  tv 


y<> 


Figure  9  represents  the  experimental  results  obtained  while  using  as  an  abscissa  the  logarithm  of  the 
frequency.  For  high  frequencies,  the  measure  of  6  becomes  difficult  and  almost  impossible,  because  the 
differences  between  y,.  r’2l  and  y}  are  of  the  same  order  of  magnitude  as  the  noise  of  the  photomultiplier. 
One  sees,  also,  that  with  experimental  errors,  the  experimental  results  are  well  grouped  on  the  curve  having 
the  same  aspect  as  those  that  permit  the  calculation  of  the  theory  in  the  case  of  orientation  by  induced 
moment.  From  these  curves,  one  can  obtain  the  value  of  rotational  diffusion  constant  hy  two  methods: 
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I'igurc  9.  Experimental  Results.  Solution  of  tobacco  mosaic  vims 
10  mg  pet  100  cc.  Abscissa:  the  frequency,  Plain  curve: 
maximum  and  minimum  birefringence.  Dotted  cuive: 
phase  shift  between  the  birefringence  and  the  voltage. 


( 1 )  In  finding  the  frequency  A'j ,  at  which  5  =  45°; 

(2)  In  finding  the  frequency  N2,  for  which  the  curve  Art  max  or  An  min  presents  a  point  of 
inflection. 


These  two  frequencies  /V(  and  arc  related  to  ihc  rotational  diffusion  constant  of  the  median 
assumed  monodisperse  by  the  relations: 

3 

Nx=-D 

2n 


Ni 


3\/2 

D 

2n 


which  permit,  knowing  and  N2,  u.c  calculation  of  D.  According  to  whether  one  utilizes  the  first  or  the 
second  method,  one  finds: 


#1=  320  sec-1  D-i  =440  sec  1 

These  values  are  compatible  with  the  results  obtained  by  other  methoJs  on  suspensions  of  the  same  type.  In 
fact,  we  have  found  by  the  Kerr  effect  study  with  rectangular  impulses,  the  median  value  D  =  450  sec1,  but 
it  is  evident  that  these  two  methods  of  analysis  do  not  give  the  same  result,  in  fact,  the  theoretical  curves 
reproduced  in  Figures  1  and  2  are  relative  to  a  median  containing  only  one  species  of  the  molecule,  Thus, 
we  have  to  deal  with  a  mixture  of  particles  of  different  lengths,  that  is  to  say,  a  polydisperse  medium  and, 
in  order  to  have  theoretical  representation  correct  to  the  experimental  results,  it  is  necessary  to  take  into 
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account  thpK#*  nhf*niviif*n*a  Th.»  t'Mrmulnp  u  *  *  i  ■  .  ,»  . 

*  -  — * -  "*'•  vJiutuMii,  it  wt  wun  4-»/ / 1  uiiu  / i  me  nil cnmgcticc 

relaxation  time  corresponding  to  the  species  /,  one  sees  that  the  frequency  u>  for  which  6  =  45°  is  a  root  of 
the  equation: 

-«i(l  +  m2t})~'12  (2  cos  fi;  -  >/;!)  =  o 

where  6  is  defined  by  the  relation  tan  5/  =  [ /(wr,),  lire  summation  extends  over  all  species  of  molecules 
presented  in  the  solution.  On  the  other  hand,  the  frequency  cj  for  which  the  curves  An  max  and  An  min 
present  an  Inflection  point,  would  be  roots  of  the  equation: 

£A»i(l  +w3rf)  s/2(2  wJT,J)  =  0withr,=  -- 

.W 

Dj  being  the  rotational  ditfusion  constant  for  the  species  i.  This  shows  well  that  the  median  values  measured 
by  the  two  methods  have  no  reason  to  be  equal.  But  one  also  sees  dial  these  equations  are  rather  difficult 
tO  manage,  seeing  the  presence  ot  the  radicals,  which  leads  us  to  tire  conclusions  that  the  study  of  the 
polydispersity  by  this  method  will  he  more  complicated  than  by  the  rcctuncular  Impulse  method. 

In  summary,  we  have  shown  that  tiie  laws  of  dispersion  of  the  Kerr  effect  us  a  function  of  the 
Ircqueney  ot  applied  Held  as  applied  to  suspensions  ol  tobacco  mosaic  virus.  With  this,  we  have  shown  the 
mechanism  of  orientation  as  well  as  given  a  value  approaching  the  rotational  diffusion  constant  of  these 
molecules  in  suspension.  In  spite  of  these  results,  this  method  seems  difficult  to  apply  to  the  case  of 
polydispersed  media  because  it  is  less  precise  and  less  easy  lo  utilize  than  the  method  of  rectangular 
impulses. 
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Several  optical  techniques  are  of  Interest  as  possible  approaches  to  the  chemical  analysis  of  fuels  and 
lubricants.  Of  these  techniques,  measurement  of  the  phase  shift  or  lime  lag  in  the  Kerr  effect  was  chosen 
for  initial  investigation.  A  breadboard  device  was  constructed  to  measure  the  phase  shift  at  frequencies 
from  200  Hid  to  100  kHz.  This  device  was  used  to  measure  the  critical  frequencies  of  poly.>-benzyW- 
glutamatc  (1500  Hz),  Aeryloid  HF-H66  (1900  Hz),  a  probable  impurity  in  lubricant  ester  S-9  (1000  Hz), 
and  lubricant  ester  S-7  (>S  kHz),  and  also  to  analyze  quantitatively  a  mixture  of  Aeryloid  HF-KWi  and  the 
impure  ester  S-9.  A  spectrometer  of  simpler  construction  than  the  current  instrument  was  designed  to 
facilitate  extending  the  measurements  to  higher  frequencies  on  the  order  of  I  MHz.  so  that  a  vider  range  of 
molecular  sizes  and  structures  can  be  investigated,  Also,  the  equations  describing  the  Kerr  response  curve  of 
mixtures  were  derived.  Some  numerical  tests  of  tire  simple  analysis  procedures  were  compared  with  the 
results  of  these  equations,  and  intensity  and  derivative  spectra  for  representative  mixtures  were  obtained. 
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